Abstract. Given a function ψ in L 2 (R d ), the affine (wavelet) system generated by ψ, associated to an invertible matrix a and a lattice Γ, is the collection of functions {| det a| j/2 ψ(a j x − γ) : j ∈ Z, γ ∈ Γ}. In this article we prove that the set of functions generating affine systems that are a Riesz basis of
Introduction
Let ψ be an L 2 (R d )-function, a an invertible d × d matrix and Γ a lattice in R d . The wavelet system or affine system (ψ, a, Γ), generated by ψ and associated to a and Γ, is the collection of functions, (ψ, a, Γ) = {D a j T γ ψ : j ∈ Z, γ ∈ Γ} .
(1)
Here T y and D a denote the the unitary operators in L 2 (R d ) defined by (T y ψ)(x) = ψ(x − y), y ∈ R d and (D a ψ)(x) = | det a| 1/2 ψ(ax), a ∈ GL d (R). Affine systems have been studied in depth during the last 25 years mainly because of their importance in applications. In addition they proved to be very useful in a variety of theoretical problems. On the other hand they were studied in the context of Hilbert spaces where the translation and dilation operators were replaced by a general group of unitary operators [GLT93, DL98] . Generalizations of wavelet systems in L 2 (R d ) with translations not necessarily on a lattice and using different dilations were also considered [ACM04] , [GLL + 04]. One of the relevant questions about these systems is whether the collection (ψ, a, Γ) form an orthonormal basis, a Riesz basis or a frame of the space L 2 (R d ). The construction of affine systems with specific prescribed properties is a difficult problem. Usually it is accomplished imposing conditions on the generators. This has been one of the core problem from the beginning of wavelet research [Dau88, Mey88, Mey92, BF94, CHM04] (and references therein). Still there are many unanswered questions and open problems in the study of affine systems.
One way to get a better understanding of these systems is considering the set of generators of affine systems having some particular structure, and trying to answer global questions about these sets. For example, wavelet systems forming a tight frame of the space have been completely characterized by a set of equations imposing conditions on the Fourier transform of the generators [CCMW02, CS00, Bow03] . Another example is the problem of connectivity of the set of generators which has received considerable attention lately, [Con98, Spe99] .
In this article, motivated by a question posed by David Larson [Lar05] , we study the problem of density of the set of generators of affine systems. We prove (Theorem 4.1) that the set of generators forming Riesz bases is dense in L 2 (R d ) when we allow diagonal matrices and arbitrary lattices. This theorem gives an even stronger result, since the generators in the dense set have Fourier transform supported on wavelet-sets and as a consequence have orthogonal dilations. The proof is obtained as a combination of the techniques used in the proof of density for wavelet frames (section 3) and the theory of wavelets sets that has been developed recently by different groups of researches [BL01, BMM99, BS02, BS04, DLS97, DLS98, ILP98, SW98, Wan02, Zak96] .
The question about density of generators of wavelet frames, is also answered positively. We obtain a very general result, that confirms the flexibility in their construction. If a dilation matrix a is chosen arbitrarily, the set of frame generators associated to the dilation a is dense in L 2 (R d ) (Theorem 3.2). The main tool here is the use of the general scheme in frame construction that appears in [ACM04] .
Finally in section 5 we study the case of orthogonal affine systems. Since generators of orthonormal systems have norm one the question here is whether they are dense in the unit sphere of L 2 (R d ). It is easy to see that this is not the case when either the dilation or the lattice is fixed (see section 5).
We first show that for a given function of norm one, we can always find a lattice Γ and a function with orthonormal translates in that lattice, that is close to the original function. We then prove that a dilation can be chosen in such a way that the associated affine system is orthonormal. This proves the density of generators of orthonormal wavelet systems (not necessarily complete in L 2 (R d )) (Theorem 5.2). The strategy here is the study of the behavior of the Grammian of the generator, as a function of the lattice. We obtain an interesting result on the convergence of the p-Grammian. We prove that the p-Grammian of a function converges pointwise and in L p ([0, 1] d ) to the constant function 1 when the lattice expands. This result is a statement about oversampling.
However the question whether complete orthonormal affine systems are dense in the sphere remains unanswered.
Notation
We will denote by µ the Lebesgue measure in R d and by GL d (R) the usual group of invertible matrices in R d×d . By a lattice Γ we mean Γ = cZ d , where
We will say that a matrix a is expansive if a ∈ GL d (R) and |λ| > 1 for all eigenvalues λ of a.
Since affine systems depend on the matrix and the lattice involved we consider the following sets of generators:
and
Similarly, we use the notations W R or W F for the corresponding generators of wavelet Riesz basis and frames respectively.
Density of the set of frame generators
In this section we will prove that for a fixed expansive matrix a, the set
In what follows diam(S) will denote the diameter of a set S ⊂ R d and B(0, t) the ball in R d centered at 0 and with radius t. Let X be a discrete set in R d . The gap ρ of X is defined as:
The set X is said to be separated if inf γ =γ |γ − γ | > 0. For a separated set X Beurling [Beu66] proved the following result:
For a very clear exposition of some of the Beurling density results see [BW99] . We need now the following result which is a particular case of the more general theorems in [ACM04] . We include its proof here for completeness of this presentation.
Theorem 3.1. Let a be an expansive matrix and h a bounded compactly supported function such that |h(ω)| > c > 0, for almost every ω ∈ U := supp(h), and 0
Proof. By Beurling's theorem we know that
is a frame of K B(0,R) with some frame bounds 0 < m ≤ M < +∞. In particular
is a frame of K U . Using that D a is a unitary operator and calling b = (a −1 ) t , we conclude that for each j ∈ Z
is a frame of K b −j U with the same bounds m, M . Further, by Proposition 5.9 in [ACM04] there exist 0 < p ≤ P < +∞ such that
and calling f j = h j f we will see that
and the upper inequality can be obtained similarly. Using that
In addition, since supp(f j ) = b −j U, we have that
(5) Using (5) in (4) and summing in j by (3) we get
The claim is now a consequence of Plancherel's Theorem. Now we are ready to state and proof the main result of this section.
and a positive number ε are given. We want to approximate f by a wavelet frame function ψ. We will do this by constructing the Fourier transform of ψ.
• Select g ∈ L 2 (R d ) such thatĝ is a continuous function and f −ĝ 2 < ε/2. • Choose 0 < r < R < ∞ such that aB(0, r) ⊂ B(0, R) and
where U = {ω : r ≤ |ω| ≤ R}.
• Choose λ > 0, such that 4λ 2 µ(U) < ε 2 8 , and let
• Define a function h in the following way:
• Choose X to be any separated set with gap ρ(X) < 1 4R . (Note that X can be chosen to be a lattice.)
We will now see that we are indeed under the hypothesis of Theorem 3.1. Since
we note that by Lemma 5.11 of [ACM04] {a j Q} is a covering of R d \ {0} and therefore {a j U } is also a covering of R d \ {0}. Finally, h and X were defined to match the hypothesis of Theorem 3.1. Therefore we can apply that Theorem to conclude that (ψ, a, X) is a frame for
2 4 where the last inequality comes from the choice of λ.
The Riesz basis case
In this section we will prove that the set of generators for Riesz basis is dense when we allow diagonal matrices and arbitrary lattices. Since the requirement of building a Riesz basis is much stronger than to form a frame, the construction of the function requires more subtle techniques than for the previous case.
The idea is again to approximate the given function on the Fourier side with an appropriate function. We will use the construction for the frame wavelets and adapt it to the Riesz basis case. The main difficulty here lies in the fact that the elements of the affine system need to be independent, which forces the construction to be more involved.
It is worth to remark here, that the construction in the previous section was very general and stable in the sense that we had freedom to move things a little bitand still obtain a satisfactory result. In this section, the construction is tight and very adapted to the function we want to approximate.
The method we use, is based on a standard wavelet-set construction. Wavelet sets have been studied and developed by many groups (for references see the Introduction). We adapt the construction of [Zak96] and [BS02] to obtain functions supported on a wavelet set, but which are not constant. In this way we obtain a Riesz basis, instead of a wavelet basis.
In what follows we will say that two sets A and
is a Riesz basis for K Ω , with Riesz bounds pAµ(Ω) and P Bµ(Ω).
If a ∈ GL d (R) and Ω satisfies that ∪ j∈Z a j Ω = R d up to a set of zero measure, with the union being almost disjoint, and {g k : k ∈ Z} is a Riesz basis for K Ω , then
with the same bounds.
Proof. The first assertion is immediate, and the second one follows from the fact that the dilation is a unitary operator in L 2 (R d ).
We are now ready to state the main theorem of this section.
, an expansive matrix a ∈ R d×d , and a lattice Γ, such that
• f − ψ 2 < ε and
Before proceeding with the proof let us give the following definition.
Definition 4.1. Let Γ be an arbitrary lattice. A set E ⊂ R d is Γ-congruent to a setẼ ⊂ R d , if there exist partitions {E s : s ∈ Γ} of E and {Ẽ s : s ∈ Γ} ofẼ in measurable sets such that for every s ∈ Γ, E s =Ẽ s + s.
In the proof of Theorem 4.1 we will use the L ∞ -norm of R d . In this way we will obtain an orthogonal basis of exponentials supported on the cube B ∞ (0, R/2) for some appropiate R. If we multiply the elements in this basis by a function that is bounded above and bounded away from zero, by the previous Lemma, we will have a Riesz basis on K B∞(0,R/2) . Therefore, looking at the previous construction in the frame case, we would now need a set U on which |ĝ| is bounded away from zero, that is Γ-congruent to B ∞ (0, R/2), and furthermore, that tiles the plane by dilations by a matrix a. This forces us to be more careful in the choice of r, and will also limit our choices of Γ and a.
Proof of Theorem 4.1.
Proof. Let as before g ∈ L 2 (R d ) be such thatĝ is continuous and f −ĝ 2 < ε 2 . We will approximateĝ with an appropriate function.
• Let R > 0 be such that R d \B∞(0,R/2) |ĝ(ω)| 2 dω < ε 2 16 .
• We now select r > 0 small enough such that: 
Let now Γ = RZ d and a = R r I d×d .
We define
where ξ j is the vertex of the cube [−1, 1] d that lies in the j th -quadrant. Let us call A 0 = B ∞ (0, r/2) and define
It will be convenient to use the notation A j 0 for the intersection of the set A 0 with the j th -quadrant. With this notation, note that
Here T y denotes the usual translation by y in L 2 (R d ). Therefore we have that
where the last inequality holds by (8).
We define the set
where as before
Our claim is that ψ withψ = h satisfies both conditions of the Theorem. For the first, let us compute
To compute ĝ − h 2 we note that ĝ − h 2 2 can be split into 3 integrals
By the definition of h, the first term in (14) vanishes. For the second, note that on U \ E λ , |ĝ(ω)| ≤ λ and therefore
For the last term, since h(ω) = 0 if ω ∈ U we have
The right hand side of (16) can be written,
The first and last term in this sum are each smaller than ε 2 /16 by our choice of r and R. For the middle one, we use the computation about the measure of ∪ i≥1 A i done in (13) and the choice of r in (10) to obtain
Putting all this together, we obtain ĝ − h 
This proves that the function h can be chosen as close toĝ as we wish. It remains to show, that (ψ, a, Γ) is a a Riesz basis. For this, we observe that:
• By construction, U tiles R d \ 0 by dilations by a.
• Furthermore U tiles R d by translations on Γ. For this, we first note that if
This fact allows us to conclude that:
This shows that U is Γ-congruent to B ∞ (0, R/2). On the other hand, since λ < |h(ω)| < m on U by Lemma 4.1
Thus we found a Riesz basis for K U , and U is a wavelet set for the dilation a and translation Γ. Therefore, the system (ψ, a, Γ) is a Riesz basis of L 2 (R d ).
Remark. In the above proof, we constructed a function that is supported on a wavelet set. In this way we in fact prove that a proper subset of W R is dense in L 2 (R d ), since the functions in the dense set are supported on a wavelet set. Further, they generate quasi-orthogonal affine systems, since they have orthogonal dilations (i.e. < D a j T γ ψ, D a j T γ ψ >= 0 if j = j ).
Density and Orthogonal Wavelets
In this section we will consider the problem of the density for orthonormal wavelets. Since orthonormal wavelet functions have norm one, the natural question in this context is wether they are dense on the unit sphere of L 2 (R d ) with the induced metric (i.e.
). An immediate argument, that we will see later, shows that if we fix either the dilation matrix a or the lattice Γ, then the sets W O (a) and W O (Γ) are not dense in S d . If we allow both, the matrix a and the lattice Γ to be arbitrary, it is an open problem if the set W O is dense in S d .
In this section we will prove that the set of functions
Note that in W O we removed the completeness requirement of the system. In particular we prove an interesting property of the Grammian of an arbitrary function in L p ([0, 1] d ) which is of independent interest. This property is then used to derive some consequences which in particular imply the above mentioned result.
Throughout this section, b will be a matrix in GL d (R). Our first Lemma is a known result (see for example [Mal89] ). We state it here in the form we need it.
The following statements are equivalent
(2) The system {f (ω)e
Proof. We will show (1) ⇔ (3). The rest is trivial.
Hence, it will be orthonormal if and only if (3) is satisfied.
Note that the sum in (3) can be rewritten as s∈Z d |T s D bf (ω)| 2 , which motivates the following definition.
, the Grammian of g with respect to c is the function
Note that g c is a
In what follows the set E(g, b) :
We have the following Lemma, whose proof is immediate.
.
The next Lemma states that for each invertible matrix b the distance in L 2 (R d ) of two arbitrary functions is bigger than the distance of its Grammians in
where in the last inequality we used for the 2 (Z) norm the inequality x − y ≥ | x − y |.
For the second equation, we compute directly
If we now periodize and change variables, we obtain the result.
A consequence of Lemma 5.3 is the following: Assume that we want to be able to find a function ψ that is close to a given function f ∈ S d and that has orthonormal translates with respect to a lattice (b * ) Z d becomes sparser and since our functions are in L 2 (R d ) they will have some decay at infinity which will imply that the scalar product between two of its translates will be small.
In fact the theorem is more general. The convergence also holds for the pGrammians of a function f ∈ L p that we denote by f b,p and are defined as
Note that for p = 2, f b,2 coincides with our previous f b .
The following theorem is a generalization of a result proved in [JWW05] for the L 1 case in a completely different context.
We postpone the proof of the theorem until the last section. Let us now see, how we deduce from Lemma 5.3 immediately that when the matrix b is fixed, that is the lattice Γ = (b * ) −1 is fixed, then the set W O (Γ) is not dense in the sphere: By Parseval, Lemma 5.3 and using thatĝ b = 1 a. e. for every g ∈ W O (Γ) we have for f ∈ S d and g ∈ W O (Γ):
The proof is completed choosing a function f in S d whose Grammian (with respect to b) is far from
The following argument from Yang Wang [private communication] shows that if the dilation a is fixed, then
which is a contradiction. Now we are ready to prove a density result for the set of generators of orthonormal (not necessarily complete) wavelet systems:
Proof. Let f ∈ S d and ε > 0 be given. Choose r, R, g and h as in 
is an orthonormal wavelet system, and so ψ ∈ W O . Further we have
5.1. Proof of Theorem 5.1.
Proof. We will divide the proof in several steps. Let us denote the unit cube by Q = [0, 1] d . We will denote by · p the p-norm in L p (R d ), and · L p (Q) the p-norm in L p (Q).
• We first prove the theorem for the case that f = χ I where I is a finite ddimensional interval. In this case, we compute 
Therefore we see from (26) that
and using (26) we have | det b| s χ b −1 I (ω + s) → µ(I) a.e. Furthermore, f b,p → µ(I) 1/p = f p .
Acknowledgments

